Thus far, all known ghost-free interactions of multiple spin-2 fields have involved at most pairwise couplings of the fields, which are direct generalizations of bimetric interactions. Here we present a class of spin-2 theories with genuine multi-field interactions, and explicitly demonstrate the absence of ghost instabilities. The construction involves integrating out a nondynamical field in a theory of spin-2 fields with only pairwise ghost-free interactions. The new multivierbein interactions generated are not always expressible in terms of the associated metrics.
INTRODUCTION
Interacting theories for multiple fields with spin 0, 1/2 and 1 are well understood and realized in Nature via the Standard Model of Particle Physics, where the multiplets and their mixings are crucial for the viability of the theory. In contrast, General Relativity is the simplest possible theory of a single spin-2 field. It is a fundamental question whether, in analogy with lower spins, consistent theories of multiple spin-2 fields could exist. Such theories could have profound implications for the understanding of the gravitational force beyong General Relativity, but have not been easy to construct.
In a covariant theory, spin-2 fields have more components than physically needed, and generic theories do not have enough symmetries and constraints to remove the unphysical components. Some of these, if not eliminated, give rise to ghost instabilities an example being the Boulware-Deser ghost [1] of a massive spin-2 field. A few years ago the ghost-free theory of two interacting spin-2 fields was found [2] , which also fulfills some other important consistency criteria [3, 4] . This generalized previous work on a single massive spin-2 field in a fixed background [5] [6] [7] [8] . The model is formulated in terms of two symmetric rank-two tensors (or "metrics") g µν and f µν interacting through a specific potential V bi (g, f ), hence the name "ghost-free bimetric theory". For a recent review see [9] .
Theories for more than two spin-2 fields are also strongly restricted by the absence of ghosts. From the analysis of [2] , it is easy to see that certain ghost-free theories can be constructed as straightforward extensions of bimetric theory, by simply adding copies of the bimetric potentials V bi (g, f ) for pairs of metrics but without forming loops. An example for four metrics g
To date, these pairwise interactions are the only known ghost-free theories of multiple spin-2 fields.
A general class of multi spin-2 theories was constructed in [10] , using the antisymmetrized products of the vierbein fields, which appeared to be ghost-free. However, a more detailed analysis in [11] revealed that generically such multivierbein interactions did contain ghosts and it was argued that the ghost-free subset consisted of models where the vierbeins could be traded off for the metrics by virtue of vierbein symmetrization conditions, exactly in the same way as in bimetric theory. The only known models of this type are the pairwise interactions described above. Hence the question is if mutiple spin-2 interactions beyond the pairwise bimetric potential, or even beyond the class conjectured in [11] exist. Here we argue that this is indeed the case.
Summary of results. In this work we derive a class of new ghost-free interactions for multiple spin-2 fields by integrating out a non-dynamical field in a known ghostfree theory. The result is an interaction term for N vierbeine (e I ) A µ of the form,
involving a mass scale M and arbitrary dimensionless coefficients β I , I = 1, . . . , N . The kinetic terms of the vierbein fields have the standard Einstein-Hilbert form. For restricted vierbein configurations the multi-vierbein vertex can be expressed in terms of metrics, but this is not always possible. The interactions can involve up to four different vierbeine in each term and are therefore more general than the pairwise couplings known so far.
GENERATING NEW INTERACTIONS
Our starting point is a theory for (N + 1) vierbeine u A µ and (e I ) A µ , I = 1, . . . N , which is known to be free from the Boulware-Deser ghost. The action has the following structure,
which we have expressed in terms of the Lorentz invariant metrics, f 
We can also include higher-order elementary symmetric polynomials in addition to the traces Tr(u −1 e I ) = u µ A (e I ) A µ but we set the corresponding parameters to zero here. In order to shorten the expressions, we absorb β I = 1 for I = 1, . . . , N , into the vierbeine , e I → e I /β I and redefine their Planck masses m I in (3) accordingly. These can be easily restored. Lorentz constraints. Each vierbein contains 6 nondynamical components that are removed by a set of constraints following from the Lorentz invariance of the Einstein-Hilbert terms. Namely, the antisymmetric part of the equations of motion for (e I ) A µ reads [10, 12] ,
Each of these imposes 6 constraints determining the nondynamical components in (e I ) A µ . The constraints obtained from the equation for u A µ will be equivalent to a linear combination of (5), due to the overall Lorentz invariance of the action. For our potential in (4), the Lorentz constraints have the unique solution,
The structure of these symmetrization conditions allows us to express the potential in terms of metrics by replac-
In what follows we take the limit m 0 → 0, freezing out the dynamics of the vierbein u 
Reinserting this expression into the potential (4), we obtain the following interactions for the remaining N vierbeine,
. (8) with
0 . Until now it was believed that these interactions were inconsistent because they do not correspond to a linear combination of pairwise bimetric interactions. Since we have derived them from a classically equivalent ghost-free setup, these new interactions are ghost-free as well, as we will explicitly confirm below.
The N symmetrization constraints (6) evaluated on the solution (7) for the vierbein u A µ provide (N − 1) independent sets of constraints for the multi-spin-2 theory. Equivalently, one can derive these from the multi-spin-2 action using (5) with the determinant potential. They read, in matrix notation,
and thus provide N relations among all antisymmetric parts of the vierbein combinations (e J )
ν . Note that, if we sum (9) over J the resulting equation is automatically satisfied. Hence there are only 6(N − 1) independent constraints, which can be used to remove 6(N − 1) non-dynamical components of the vierbeine. Another 6 components are removed by the overall Lorentz invariance of the action. This leaves us with 16N − 6N = 10N independent components, which is the same number as in N symmetric rank-2 tensor fields.
DIRECT GHOST PROOF
In the following we will use 3 + 1 metric variables to demonstrate the existence of the constraints that remove the Boulware-Deser ghosts from the physical spectrum. The parent theory (2) is known to give rise to such constraints and the proof assumes the existence of a simultaneous (3 + 1) decomposition for all vierbeine (or, equivalently, for the corresponding metrics). Ref. [3] showed that a simultaneous decomposition always exists for each two vierbeine that satisfy (6) . This does however not automatically imply that there exists a common (3 + 1) split for all of them. Hence the ghost proof is valid only for mildly restricted configurations which allow the definition of a common spatial hypersurfaces for all metrics. The same restriction enables us to perform the constraint analysis of the multi-spin-2 theory with potential (8) in the following. For the most general configurations, the constraint analysis would have to be performed in a different way, e.g. covariantly, as in [14, 15] .
We decompose the general vierbein e [11, 16] ,
and use the following 3 + 1 parameterization,
Here
It is easy to show that the potential is linear in all vierbein lapses and shifts before integrating out the nondynamical Lorentz fields v a and Λ r . This follows from the fact that the determinant is a multivierbein interaction of the form discussed in Ref. [10] : The total antisymmetrizatic structure of the determinant renders the potential linear in the 0µ components of the vierbeine parameterized as in (10) and thus linear in all their lapses and shifts N I and N I i . The same is true for the EinsteinHilbert terms and the entire action is of the form,
where (π I ) i a are the canonical momenta of the spatial vierbeine and the functions C I and C i I are independent of the lapses and shifts.
The consistency of the theory is directly related to the linearity of the action in the lapse functions N I since their equations deliver the constraints (C I = 0) which remove the ghost modes from the physical spectrum. The danger with general multi-vierbein interactions is that this linearity can be destroyed after the other nondynamical components have been integrated out. Since the action does not contain mixing terms for N I and N I i , their equations do not contain the lapses. The problem arises when integrating out the spatial rotations Λ r . In general, their solutions will depend on the lapses, and upon reinserting them into the action, the latter becomes nonlinear in one or several of the N I [11] . We will now show that in our particular interactions the linearity in the lapses N I does not get spoiled when the Lorentz parameters are integrated out. Crucially, the (e I ) A i do not contain the lapses nor the shifts since from (10) it follows that,
The constraints in (13) The degree of freedom counting is now very similar to the case of only pairwise vierbein interaction. We start with 2 × 6N = 12N independent phase space variables contained in the spatial vierbeine (E I ) a i and their canonical momenta (π I ) i a . The action still contains (N +3) constraints given by the equations of motion for the N I and one of the N I i . 4 of these are first-class, generating the diffeomorphisms. In order to conclusively prove that also the ghost momenta get removed, one needs to demonstrate the stability of the remaining (N − 1) constraints. We shall not do this here but note that it is straightforward to derive this from the parent theory in (2). Assuming that the stability conditions hold, (2N + 6) degrees of freedom in total get removed. The physical phase space thus consists of 12N − (2N + 6) = 10N − 6 variables, corresponding to one massless with 4 and (N − 1) massive spin-2 fields with 10(N − 1) degrees of freedom.
EXISTENCE OF METRIC FORMULATION
By extracting a factor of det e 1 , the potential in (8) can be written in the form,
. It thus depends on one linear combination of the antisymmetric combinations,
In terms of these matrices, the Lorentz constraints (5) evaluated on the solution (7) for u
They provide (N − 1) independent constraints which in fact make all antisymmetric parts drop out from (15) . The specific solution which allows for a metric formulation corresponds to all antisymmetric parts vanishing separately, A IJ = 0. This is clearly not the most general configuration allowed by the equations. Metric formulation for three fields. We now derive a specific solution to the Lorentz constraints for the case N = 3, following an analysis carried out in Ref. [17] . We introduce 3 Lorentz matrices (L I ) 
Defining
µ we can write this as,
We choose the gauge fixed vierbeine such that they satisfy the following 3 × 6 conditions for I, J = 1, 2, 3,
In doing so, we have restricted ourselves to specific vierbein configurations since a general vierbein cannot always be decomposed in this way [18] . The constraints (6) in the full theory read, in matrix notation,
where we have used L
I . Before inserting the solution for u, this completely specifies all matrices L I in terms ofē I and u since they precisely rotate theē I such that they satisfy these constraints.
In order to get the solutions for the L I in the multispin-2 theory, we evaluate (21) on the solution for u. This gives back the two independent constraints in (9), which read,
These now determine two of the three Lorentz matrices. Multiplying the first with L 1 from the left and L from the right, it is quite obvious the only covariant solution corresponds to
, leaving one Lorentz matrix undetermined, as expected because there are only two constraints. These L I solve (21) after the solution for u has been inserted.
After inserting the solution to the Lorentz constraints, L 1 = L 2 = L 3 , the multi-spin-2 potential becomes,
Note that the undetermined Lorentz matrix has dropped out from the action, as expected due to the overall Lorentz invariance. We can again extract a factor of det e 1 to bring this into the form,
with (Lorentz invariant) metric g µν = (ē 1 )
. Since the vierbeineē I satisfy the symmetrization constraints (20) , we have that,
where we have defined the metrics
. Thus the multi-spin-2 potential can be written in terms of metrics as,
We could equivalently choose to extract the determinant of a vierbein different from e 1 and thus the potential is also writable as,
It is important to note that the Lorentz constraints (22) have a very specific structure due to the form of the potential. For a generic three-vierbein interaction, the solution for the Lorentz matrices would modify the action in a much more drastic way. The above solutions do not directly generalize to the case N > 3. The difference arises because, in general, the Lorentz constraints provide (N − 1) antisymmetric matrix equations to be solved for (N − 1) of the N Lorentz Stückelberg matrices L I . However, for N > 3 there are not enough degrees of freedom in the L I to symmetrize all the N (N − 1)/2 combinations e T I ηe J . In other words, it is not possible to solve the equations by symmetrizing a subset of the e T I ηe J without constraining the vierbeine in addition to the Stückelberg fields. This implies that for the multi-vierbein theory with potential (15) a configuration that gives rise to a metric formulation (which would set all A IJ = 0 separately) is not a natural solution to the Lorentz constraints. 
with
This reveals that our interactions correspond to a specific class of the general interactions given in Ref. [10] . The case N = 2 corresponds to a particular ghost-free bimetric model. Our whole analysis generalizes to other space-time dimensions D, in which case the vertices would contain up to D different fields.
Our generalized vierbein vertex cannot simply be added to a theory involving the previously known ghostfree interactions of N vierbeine (e I ) (2) One of the e I can interact with the v K through our novel determinant vertex, i.e. the potential could be V ∼ det( I e I ) + det(e 1 + K v K ).
This will be discussed in detail in an upcoming publication [19] .
All our results have been obtained in vacuum. It is straightforward to introduce a standard coupling to matter via any of the dynamical vierbeine (e I ) a µ and this will not be influenced by the procedure of integrating out the non-dynamical vierbein u a µ . On the other hand, if u a µ couples to matter, then the multi-spin-2 theory for the (e I ) a µ will have matter interactions that are heavily modified [20] . At low energies these reduce to the matter coupling suggested in [21, 22] .
The interactions for (N + 1) vierbeine that we started from were not of the most general ghost-free form. It would be interesting to extend our setup to more general interactions and possibly obtain consistent multi-spin-2 theories that are different from the one studied here. It is, however, not obvious that the algebraic equations for the non-dynamical vierbein can be solved covariantly for more general parameter choices in the action.
